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In the present paper the question of the practical stability of the solutions of
impulsive systems of differential-difference equations with variable impulsive per-
turbations is discussed. In the investigations piecewise continuous functions are
used which are analogues of Lyapunov's functions, and a technique such that
certain minimal subsets of a suitable space of piecewise continuous functions are
chosen, by the elements of which the derivatives of Lyapunov's functions are
estimated. Q 1996 Academic Press, Inc.
1. INTRODUCTION
One of the trends in the stability theory of the solutions of differential
equations is the so-called practical stability. Fundamental results in this
w xdirection were obtained in 10 .
In the recent years the theory of practical stability has been developed
w xvery intensively 8, 9, 11, 12 . Numerous results have been obtained by
means of the comparison method.
Parallel to the development of the theory of practical stability in the
recent years the mathematical theory of the impulsive differential equa-
w xtions has been also intensively developed 3, 4, 7, 14 .
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A natural generalization of the impulsive differential equations are the
impulsive differential-difference equations. They are adequate mathemati-
cal models of processes and phenomena for which, besides a change of
their state by jumps, a dependence at each moment of time on the
prehistory of the process is observed. Despite the great possibilities for
applications, the theory of these equations is developing rather slowly due
w xto a number of obstacles of technical and theoretical character 1 .
When the impulses take place at the fixed moments the results are
easier to obtain by means of the corresponding results in the continuous
case. In the investigation of the impulsive differential-difference equations
with variable impulsive perturbations there arise a number of difficulties
related to the phenomena of ``beating'' of the solutions, bifurcation, loss of
the property of autonomy, etc. The wider application, however, of this type
of equations in comparison with the impulsive differential-difference equa-
tions with fixed moments of impulse effect in the description of a number
of real processes and phenomena requires the formulation of criteria for
stability of their solutions.
In the present paper by means of piecewise continuous functions of
Lyapunov which are analogues of the classical Lyapunov's functions and of
the comparison principle, sufficient conditions are obtained for practical
stability of the trivial solution of an impulsive system of differential-dif-
ference equations with variable impulsive perturbations. The investigations
are carried out by means of a technique such that certain minimal subsets
of a suitable space of piecewise continuous functions are chosen by the
elements of which the derivatives of Lyapunov's functions are estimated
w x5, 6, 8, 13 .
2. STATEMENT OF THE PROBLEM. PRELIMINARY
NOTES AND DEFINITIONS
Consider the initial value problem
x t s f t , x t , x t y h , t ) t , t / t x t , 1 .  .  .  .  . .  .Ç 0 k
w xx t s w t , t g t y h , t , 2 .  .  .0 0 0
D x t s I x t , t ) t , k s 1, 2, . . . , 3 .  .  . .  ..tst x t k 0k
 . n nwhere t g R, f : t , ` = V = V ª R , R is the n-dimensional Eu-0 0
< <  n 2 .1r2 nclidean space with the norm x s  x , V is a domain in Rks1 k
n  .  .containing the origin, I : V ª R , t : V ª t , ` , k s 1, 2, . . . , D x t sk k 0
 .  . ww x xx t q 0 y x t y 0 , h ) 0, w g C t y h, t , V .0 0 0
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 .Let t x ' t for x g V. Introduce the notations:0 0
q wR s 0, ` ,.
wV s t , x g t , ` = V : t x - t - t x , k s 1, 2, . . . , 4 .  .  ..k 0 ky1 k
ws s t , x g t , ` = V : t s t x , k s 1, 2, . . . ; 4 .  ..k 0 k
  .. wwi.e., s are hypersurfaces with equations t s t x t , C s C t yk k 0 0
x x 5 5 <  . <h, t , V , w s max w s is the norm of the function w g C ,0 0 sgw t yh, t x 0 0 00 0
 w q qx  .  .K s a g C R , R : a r is monotone increasing in r, a 0 s 0, and
 . 4  ww . q qx  .a r ª ` as r ª ` , K* s a g C t , ` = R , R : a t, r is monotone0
 .  .increasing with respect to its second argument, a t, 0 s 0, and a t, r ª `
4  .  .  .  .  .as r ª ` , x t s x t; t , w is the solution of the problem 1 , 2 , 3 ,0 0
q . w .J t , w is the maximal interval of the type t , b in which the solution0 0 0
 .x t; t , w is defined.0 0
 .  .We shall make a description of the solution x t of the problem 1 ,
 .  .2 , 3 :
 .1. For t y h F t F t to the solution x t coincides with the func-0 0
tion w .0
 .2. Let t , t , . . . t - t - t - . . . be the moments at which the1 2 0 1 2
  ..  .  .  .integral curve t, x t of the problem 1 , 2 , 3 meets the hypersurfaces
 4`s ; i.e., each of the points t , t , . . . is a solution of one of thek ks1 1 2
  .. hequations t s t x t , k s 1, 2, . . . . Let t s t q h, l s 0, 1, 2, . . . .k l l
 4`We form the sequence t observing the following rules:i is0
 .  4`  4`  h4`a t s t j t .i is0 k ks0 l ls0
 .b t ' t .0 0
 .  4`c The sequence t is monotone increasing.i is0
We shall note that in general it is possible that
`` h 4t l t / B. 4k lks1 ls0
 .  .  .2.1. For t - t F t the solution of the problem 1 , 2 , 3 coin-0 1
 .  .cides with the solution of the problem 1 , 2 .
2.2. For t - t F t , i s 1, 2, . . . one of the following three casesi iq1
may occur:
 .  4`  h4`a If t g t _ t , t s t , and j is the number of thei k ks1 l ls0 i k k
  ..hypersurface met by the integral curve t, x t at the moment t , then thek
 .solution x t coincides with the solution of the problem
y t s f t , y t , x t y h , 4 .  .  .  . .Ç
y t s x t q I x t . 5 .  .  .  . .k k j kk
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 .  h4`  4`  .  .b If t g t _ t , then the solution x t of the problem 1 ,i l ls0 k ks1
 .  .2 , 3 coincides with the solution of the problem
y t s f t , y t , x t y h q 0 , 6 .  .  .  . .Ç
y t s x t . 7 .  .  .i i
 .  4`  h4`  .c If t g t l t and t s t , then x t coincides with thei k ks1 l ls0 i k
 .  .solution of the problem 6 , 5 .
 .  . q .3 . The function x t is piecewise continuous on J t , w , contin-0 0
q .uous from the left at the points t , t , . . . of J t , w and1 2 0 0
x t q 0 s x t q I x t , k s 1, 2, . . . . .  .  . .k k j kk
 .  .4 . The function x t is piecewise differentiable with respect to t
 .   .  .. q .  4`and x t s f t, x t , x t y h for t g J t , w _ t .Ç 0 0 i is1
 .  .  .Together with the problem 1 , 2 , 3 we consider the problem
u t s g t , u t ) t , t / t , 8 .  .  .Ç 0 k
u t q 0 s u , 9 .  .0 0
Du t s J u t , k s 1, 2, . . . , 10 .  .  . .k k k
 . m mwhere g : t , ` = G ª R , J : G ª R , k s 1, 2, . . . , G is a domain in0 k
R m containing the origin, u g G, t - t - t - ??? are the moments at0 0 1 2
  ..  .  .  .which the integral curve t, x t of the problem 1 , 2 , 3 meets the
 4`hypersurfaces s .k ks1
We introduce the following notation:
 .  .  .  .  .By u t s u t; t , u denote the solution of problem 8 , 9 , 10 ;0 0
q . w .J t ,u is the maximal interval of the type t , v in which the solution0 0 0
 .u t; t , u is defined.0 0
 .DEFINITION 1. Let l, A, and B be positive constants l - A, B - A .
 .  .  .The trivial solution of the problem 1 , 2 , 3 is said to be:
1. Practically stable with respect to l, A if
5 5; t g R ;w g C : w - l .  .0 0 0 0
'c g K* ; t g Jq t , w : .  . .0 0
5 5x t ; t , w F c t , w , c t , l - A. .  . .0 0 0 0 0
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2. Uniformly practically stable with respect to l, A if
5 5;w g C : w - l 'c g K . .0 0 0
; t g R ; t g Jq t , w : .  . .0 0 0
5 5x t ; t , w F c w , c l - A. .  . .0 0 0
3. Contracti¨ ely practically stable with respect to l, A, B if
5 5; t g R ;w g C : w - l 'c g K* .  . .0 0 0 0
'c : t , ` ª Rq ; t g Jq t , w : .  . .  .0 0 0
5 5x t ; t , w F c t , w c t , c t , l c t - A , .  .  .  . .0 0 0 0 0
c t , l c t q t - B for some t ) 0. .  .0 0
4. Contracti¨ ely uniformly practically stable with respect to l, A, B if
5 5 q;w g C : w - l 'c g K 'c : t , ` ª R .  . .  .0 0 0 0
; t g R ; t g Jq t , w : .  . .0 0 0
5 5x t ; t , w F c w c t , c l c t - A , .  .  .  . .0 0 0
c l c t q t - B for some t ) 0. .  .0
In R m we introduce a partial ordering defined in the following natural
m  .  .way: for u, ¨ g R we write u G ¨ u ) ¨ if and only if u G ¨ u ) ¨j j j j
for any j s 1, 2, . . . , m.
m  m.DEFINITION 2. The function F: G ª R G ; R is said to be
 .  .  .  .monotone increasing in G if F u ) F ¨ for u ) ¨ and F u G F ¨ for
 .u G ¨ u, ¨ g G .
 . m  m.DEFINITION 3. The function g : t , ` = G ª R G ; R is said to0
 .  .be quasimonotone increasing in t , ` = G if for each pair of points t, u0
 .  .  4  .and t, ¨ from t , ` =G and for jg 1, 2, . . . , m the inequality g t, u G0 j
 .g t, ¨ holds whenever u s ¨ and u G ¨ , for i s 1, 2, . . . , m, i / j, i.e.,j j j i i
 .  4  .for any t g t , ` fixed and any j g 1, 2, . . . , m the function g t, u is0 j
 .nondecreasing with respect to u , . . . , u , u , . . . , u .1 jy1 jq1 m
 . mIn the case when the function g : t , ` = G ª R is continuous and0
 .  .  .quasimonotone increasing, all solutions of problem 8 , 9 , 10 starting
 .  .from the point t , u g t , ` = G lie between two singular solu-0 0 0
tions}the maximal and the minimal ones.
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q w . m  .  .DEFINITION 4. The solution u : t , v ª R of the problem 8 , 9 ,0
 .  . m10 is said to be a maximal solution if any other solution u: t , a ª R0
 .  .  .  . q . w .of problem 8 , 9 , 10 the inequality u t Fu t is valid for tg t , v l0
w .t , a .0
 .  .  .Analogously, the minimal solution of the problem 8 , 9 , 10 is
defined.
m  .  4Let e g R , e s 1, 1, . . . , 1 and u: 0 F u F e ; G.
 .  .Further on we shall consider only such solutions of the problems 8 , 9 ,
 .  .10 for which u t G 0. Hence, the following modification of Definition 1
seems the most appropriate.
 .  .  .DEFINITION 5. The trivial solution of the problem 8 , 9 , 10 is said
to be:
1. Practically u-stable with respect to l, A if
; t g R ;u g G and 0 F u F le .  .0 0 0
'c g K* 'a g K ; t g Jq t , u : .  .  . .0 0
q < <u t ; t , u F c t , u e, c t , l - a A . .  .  . .0 0 0 0 0
2. Uniformly practically u-stable with respect to l, A if
;u g G and 0 F u F le 'c g K .  .0 0
'a g K ; t g R ; t g Jq t , u : .  .  . .0 0 0
q < <u t ; t , u F c u e, c l - a A . .  .  . .0 0 0
3. Contracti¨ ely practically u-stable with respect to l, A, B if
; t g R ;u g G and 0 F u F le .  .0 0 0
'c g K* 'c : t , ` ª Rq .  . .0
'a g K ; t g Jq t , u : .  . .0 0
q < <u t ; t , u F c t , u c t e, c t , l c t - a A , .  .  .  .  . .0 0 0 0 0
c t , l c t q t - a B for some t ) 0. .  .  .0 0
4. Contracti¨ ely uniformly practically u-stable with respect to l, A, B if
;u g G and 0 F u F le 'c g K 'a g K .  .  .0 0
'c : t , ` ª Rq ; t g R ; t g Jq t , u : .  .  . .  .0 0 0 0
q < <u t ; t , u F c u c t e, c l c t - a A , .  .  .  .  . .0 0 0
c l c t q t - a B for some t ) 0. .  .  .0
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In the following considerations we shall use piecewise continuous auxil-
w xiary functions which are analogues of Lyapunov's functions 3 .
w .DEFINITION 6. We say that the function V: t , ` = V ª G belongs to0
the class V if:0
1. The function V is continuous in each of the sets V , k s 1, 2, . . .k
 . w .and V t, 0 s 0 for t g t , ` .0
2. The function V is Lipschitz continuous with respect to its second
argument in each of the sets V , k s 1, 2, . . . .k
 U U .3. For each k s 1, 2, . . . and t , x g s there exist the finite0 0 k
limits
V tU y 0, xU s lim V t , x , .  .0 0 U U .  .t , x ª t , x0 0
 .t , x gV k
V tU q 0, xU s lim V t , x . .  .0 0 U U .  .t , x ª t , x0 0
 .t , x gV kq1
 U U .  U U .4. The equality V t y 0, x s V t , x is valid.0 0 0 0
We shall also use the following classes of functions:
ww . x  w .  .PC t , ` , V s x: t , ` ª V: x t is a piecewise continuous function0 0
w .with points of discontinuity of the first kind belonging to the interval t , `0
4at which it is continuous from the left ;
 ww . x   ..   ..V s x g PC t , ` , V : V s, x s F V t, x t , t y h F s F t, t G t ,t 0 0
4V g V .0
ww . xLet V g V and x g PC t , ` , V .0 0
  ..Let t / t x t , k s 1, 2, . . . .k
Introduce the function
y1D V t , x t s lim inf s V t q s , x t q s f t , x t , x t y h .  .  .  . .  . .y ysª0
yV t , x t . . .
Introduce the following conditions:
w . n xH1. f g C t , ` = V = V, R .0
 .  .H2. f t, 0, 0 s 0 for t g t , ` .0
H3. The function f is Lipschitz continuous with respect to its
 .  .second and third arguments in t , ` = V = V uniformly on t g t , ` .0 0
w n xH4. I g C V, R , k s 1, 2, . . . .k
 .H5. The functions I q I : V ª V, k s 1, 2, . . . , where I is thek
identity in V.
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 .H6. I 0 s 0, k s 1, 2, . . . .k
w  .xH7. t g C V, t , ` , k s 1, 2, . . . .k 0
 .  .  .  .H8. t ' t x - t x - ??? - t x - t x - ??? , x g V.0 0 1 k kq1
 .H9. t x ª ` as k ª ` uniformly on x g V.k
H10. j - j - ??? - j - ??? , where j is the number of thek kq1 kqp k
  ..  .  .  .hypersurface met by the integral curve t, x t of the problem 1 , 2 , 3
at the moment t ; k, j , p s 1, 2, . . . .k k
We shall note that for the impulsive differential equations with variable
impulsive perturbations the so-called ``beating'' of the solution may occur,
  ..i.e., a phenomenon for which the integral curve t, x t meets several or
infinitely many times one and the same hypersurface. In the present paper
 .  .  .we shall consider problems of the form 1 , 2 , 3 for which ``beating'' of
the solutions is absent.
We introduce the following conditions:
 .  .  .H11. The integral curve of the solution of the problem 1 , 2 , 3
q .meets for t g J t , w each of the hypersurfaces s , s , . . . exactly once.0 0 1 2
 .Condition H11 is satisfied in the case when t x ' t , k s 1, 2, . . . ,k k
x g V, i.e., when the impulses take place at fixed moments.
Effective sufficient conditions which guarantee the absence of the
phenomenon ``beating'' for impulsive functional differential equations with
w xvariable impulsive perturbations were found in 2 . We shall henceforth
use the following lemmas.
LEMMA 1. Let conditions H1]H11 hold. Then
1. t ª ` as k ª `.k
q . w .2. J t , w s t , ` .0 0 0
Proof of Assertion 1. From condition H10 we derive the inequalities
j - j - ??? .1 2
From the above inequalities, since j are positive integers, we concludek
that j ª ` as k ª `. Then by condition H9 we get to the equalitiesk
lim t s lim t x s `, .k j kkkª` kª`
 .where x s x t; t , w .k 0 0
Proof of Assertion 2. Since by the conditions H1]H3 and H5 the
 .  .  .  .  .solution x t s x t; t , w of problem 1 , 2 , 3 is defined on each of the0 0
 xintervals t , t , k s 1, 2, . . . ; then from Assertion 1 we conclude that itky1 k
is continuable for each t G t .0
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w xLEMMA 2 8 . Let the following conditions hold:
1. The function g is quasimonotone increasing, continuous in0
q . q . mJ t , u = G, and r : J t , u ª R is the maximal solution of0 0 0 0
u t s g t , u , u t s u g G. .  .  .Ç 0 0 0
q .2. The function ¨ : J t , u = V ª G is continuous and Lipschitz0 0
continuous with respect to its second argument.
 .  .  .  .3. The solution z t s z t; t , w of the problem 1 , 2 for which0 0
  .. w .¨ t , w t F u is defined in the inter¨ al t , ` .0 0 0 0 0
4. The inequality
D ¨ t , z t F g t , ¨ t , z t .  . .  . .y 0
w . xis ¨alid for each t G t and any function z g C t , ` , V for which0 0
w x¨ s, z s F ¨ t , z t , s g t y h , t , .  . .  .
where
y1D ¨ t , z t s lim inf s ¨ t q s , z t q s f t , z t , z t y h .  .  .  . .  . .y ysª0
y¨ t , z t . . .
Then
¨ t , z t ; t , w F r t ; t , u , t g Jq t , u . .  .  . .0 0 0 0 0 0
LEMMA 3. Let the following conditions hold:
1. Conditions H1]H11 are met.
2. The function g is quasimonotone increasing, continuous in the sets
 x  4 q q . mt , t = G, k g N j 0 , and u : J t , u ª R is the maximal solu-k kq1 0 0
 .  .  .tion of the problem 8 , 9 , 10 .
m  .  .3. The functions c : G ª R , c u s u q J u , k s 1, 2, . . . , arek k k
monotone increasing in G.
 44. For each k g N j 0 and ¨ g G there exists the limit
lim g t , u . .
 .  .t , u ª t , ¨
t)tk
5. The function V g V is such that0
V t , w t F u . .0 0 0 0
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and the inequalities
D V t , x t F g t , V t , x t , .  . .  . .y
t / t x t , k s 1, 2, . . . , . .k
11 .
V t q 0, x t q I x t F c V t , x t , .  .  . .  . . .k k
t s t x t , k s 1, 2, . . . , . .k
are ¨alid for each t G t and x g V . Then0 t
V t , x t ; t , w F uq t ; t , u , t g Jq t , u . 12 .  .  .  . .0 0 0 0 0 0
q . w .Proof. From Lemma 1 it follows that J t , w s t , ` . From condi-0 0 0
w .   ..tion H11 it follows that for t g t , ` , t, x t meets successively the0
 x  .hypersurfaces s , s , . . . . Since in the interval t , t , k s 1, 2, . . . , x t1 2 ky1 k
 .  .  .coincides with the solution of the problem 1 , 5 j s k , we concludek
 .that for t - t F t the function x t satisfies the integral equationky1 k
t
x t s x t q I x t q f s, x s , x s y h ds. .  .  .  .  . . . Hk k k
tk
 xLet t g t , t . Then from Lemma 2 we obtain that0 1
V t , x t ; t , w F uq t ; t , u . .  . .0 0 0 0
 .  x  .Suppose that 12 is satisfied for t g t , t , k ) 1. Then, using 11 andky1 k
the fact that c are monotone increasing functions, we obtaink
V t q 0, x t q 0; t , w F c V t , x t ; t , w .  . .  . .k k 0 0 k k k 0
F c uq t ; t , u . .k k 0 0
s c uq t ; t , u s u , . .k ky1 k ky1 ky1 k
q .where u t; t , u is the maximal solution of the equation without im-k k k
 .  xpulses u s g t, u in the interval t , t , k s 1, 2, . . . , for which u sÇ ky1 k k
 q  ..c u t ; t , u , k s 1, 2, . . . .k ky1 k ky1 ky1
 xWe apply again Lemma 2 for t g t , t and obtaink kq1
V t , x t ; t , w F uq t ; t , u s uq t ; t , u ; .  .  . .0 0 k k k 0 0
 .  xi.e., inequality 12 is valid for t g t , t . The proof is completed byk kq1
induction.
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COROLLARY 1. Let the following conditions hold:
1. Conditions H1]H11 are met.
2. The conditions of Lemma 3 are satisfied.
3. There exists a function a g K such that
wa x t F max V t , x t , t g t , ` , x g PC t , ` , V . 13 .  . .  . . . .j 0 0
1FjFm
q .Then for any t g J t , u the following inequality is ¨alid:0 0
y1 qx t ; t , w F a max u t ; t , u . 14 .  .  .0 0 j 0 0
j
Proof. Since for the function V g V the conditions of Lemma 3 are0
 .satisfied, then from 13 we deduce the inequalities
a x t ; t , w F max V t , x t ; t , w .  . . .0 0 j 0 0
1FjFm
F max uq t ; t , u , t g Jq t , u , .  .j 0 0 0 0
1FjFm
 .which imply inequality 14 .
3. MAIN RESULTS
THEOREM 1. Let the following conditions hold:
1. Conditions H1]H11 are ¨alid.
2. The conditions of Corollary 1 are met.
3. There exists a function b g K* such that
< <V t , x F b t , x e, x g V . 15 .  . .0 0
 .4. J 0 s 0, k s 1, 2, . . . .k
 .  .5. g t, 0 s 0, t g t , ` .0
q . w .6. J t , u s t , ` .0 0 0
Then the following assertions hold:
 .  .  .1. If the tri¨ ial solution of 8 , 9 , 10 is practically u-stable, then the
 .  .  .tri¨ ial solution of 1 , 2 , 3 is practically stable.
 .  .  .2. If the tri¨ ial solution of 8 , 9 , 10 is uniformly practically u-stable,
 .  .  .then the tri¨ ial solution of 1 , 2 , 3 is uniformly practically stable.
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 .  .  .3. If the tri¨ ial solution of 8 , 9 , 10 is contracti¨ ely practically
 .  .  .u-stable, then the tri¨ ial solution of 1 , 2 , 3 is contracti¨ ely practically
stable.
 .  .  .4. If the tri¨ ial solution of 8 , 9 , 10 is contracti¨ ely uniformly
 .  .  .practically u-stable, then the tri¨ ial solution of 1 , 2 , 3 is contracti¨ ely
uniformly practically stable.
 .Proof. Inequality 15 implies the inequalities
5 5V t , w t F b t , w t e F b t , w e .  .  . .  .0 0 0 0 0 0 0 0
 5 5.and, applying Corollary 1 for u s b t , w e, we obtain the estimate0 0 0
y1 q 5 5x t ; t , w F a max u t ; t , b t , w e . 16 .  . . .0 0 j 0 0 0
j
 .  .  .1. If the trivial solution of the problem 8 , 9 , 10 is practically
u-stable, then there exists a function c g K* such that1
q 5 5 5 5u t ; t , b t , w e F c t , w e .  . .0 0 0 1 0 0
and
c t , l - a A . .  .1 0
 .Then 16 yields
y1 5 5 5 5x t ; t , w F a c t , w e s c t , w .  .  .0 0 1 0 0 0 0
and
c t , l s ay1 c t , l - ay1 a A s A. .  .  . . .0 1 0
Since c g K* and a g K, then c g K*.1
 .  .  .  .2. If the solution u t ' 0 of the problem 8 , 9 , 10 is uniformly
practically u-stable, then there exists a function c g K such that2
q 5 5 5 5u t ; t , b t , w e F c w e .  . .0 0 0 2 0
and
c l - a A . .  .2
 .Then 16 yields
y1 5 5 5 5x t ; t , w F a c w e s c w .  .  .0 0 2 0 0
and
c l s ay1 c l - ay1 a A s A. .  .  . . .2
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 .Since c , a g K, then c g K. Hence the trivial solution of the problem 1 ,2
 .  .2 , 3 is uniformly practically stable.
 .  .  .3. If the trivial solution of problem 8 , 9 , 10 is contractively
practically u-stable, then there exists a function c g K* and a function3
 . qc : t , ` ª R such that1 0
q 5 5 5 5u t ; t , b t , w e F c t , w c t e, . .  . .0 0 0 3 0 0 1
c t , l c t - a A , c t , l c t q t - a B .  .  .  .  .  .3 0 1 3 0 1 0
 .for some t ) 0. Then 16 yields
y1 5 5 5 5x t ; t , w F a c t , w c t e s c t , w c t , .  .  . .  .0 0 3 0 0 1 0 0
 . qwhere c g K* and c : t , ` ª R . Moreover,0
c t , l c t s ay1 c t , l c t - ay1 a A s B .  .  .  .  . . .0 3 0 1
and
y1 y1c t , l c t q t s a c t , l c t q t - a a B s B .  .  .  .  . .0 0 3 0 1 0
 .  .  .for some t ) 0. Hence the trivial solution of 1 , 2 , 3 is contractively
practically stable.
Assertion 4 of Theorem 1 is proved in the same way as Assertion 3 of
the same theorem.
In some cases for the study of the practical stability of solutions of the
 .  .  .problem 1 , 2 , 3 it is suitable to represent the differential inequality
used in Lemma 3 and Corollary 1 in the form
D V t , x t F F t , V t , x t , x t , .  .  . .  . .y
 . mwhere F: t , ` = G = V ª R .0
Here we consider the auxiliary problem
x t s f t , x t , x t y h , t / t , t ) t , .  .  . .Ç k 0
¨ t s F t , ¨ t , x t , t / t , t ) t , .  .  . .Ç k 0
w xx t s w t , t g t y h , t , .  .0 0 0
¨ t q 0 s ¨ , .0 0
17 .
D x t s I x t , t ) t , k s 1, 2, . . . , .  . .k k k k 0
D¨ t s J ¨ t , t ) t , k s 1, 2, . . . , .  . .k k k k 0
 .  .where ¨ : t , ` ª G, x: t , ` ª V, ¨ g G, w g C .0 0 0 0 0
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We introduce the notation
x t , ¨ t s x t ; t , ¨ , w , ¨ t ; t , ¨ , w .  .  .  . .  .0 0 0 0 0 0
 . q .is the solution of the problem 17 , where J t , ¨ , w is the maximal0 0 0
w .   .interval of the type t , b in which the solution x t; t , ¨ , w ,0 0 0 0
 ..¨ t; t , ¨ , w is defined.0 0 0
DEFINITION 7. The solution
x t , ¨q t s x t ; t , ¨ , w , ¨q t ; t , ¨ , w .  .  .  . .  .0 0 0 0 0 0
 .  .of problem 17 is said to be a ¨-maximal solution of 17 if for any other
solution
x t , ¨ t s x t ; t , ¨ , w , ¨ t ; t , ¨ , w .  .  .  . .  .0 0 0 0 0 0
 .  . q .of 17 , the inequality ¨ t F ¨ t is valid for any t for which both
  . q ..   .  ..solutions x t , ¨ t and x t , ¨ t are defined.
In this case the method of comparison is based on a lemma whose proof
is analogous to the proof of Lemma 3.
LEMMA 4. Let the following conditions hold:
1. Conditions H1]H11 are met.
2. The function F is quasimonotone increasing with respect to ¨ , contin-
 x   . q ..uous in the sets t , t = G = V, and x t , ¨ t is the ¨-maximalky1 k
 . q .solution of 17 defined on J t , ¨ , w .0 0 0
m  .  .3. The functions c : G ª R , c u s u q J u , k s 1, 2, . . . , arek k k
monotone increasing in G.
 4  .4. For any k g N j 0 and ¨ , x g G = V there exists the limit
lim F t , u , x . .
 .  .t , u , x ª t , ¨ , x
t)tk
5. The function V g V is such that0
V t , w t F ¨ . .0 0 0 0
and the inequalities
D V t , x t F F t , V t , x t , x t , .  .  . .  . .y
t / t x t , k s 1, 2, . . . , . .k
V t q 0, x t q I x t F c V t , x t , .  .  . .  . . .k k
t s t x t , k s 1, 2, . . . , . .k
are ¨alid for any t G t and x g V .0 t
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Then
V t , x t ; t , w F ¨q t ; t , ¨ , w , t g Jq t , ¨ , w . .  .  . .0 0 0 0 0 0 0 0
COROLLARY 2. Let the following conditions hold:
1. Conditions H1]H11 are met.
2. The conditions of Lemma 4 are satisfied.
3. There exists a function a g K such that
wa x t F max V t , x t , t g t , ` , x g PC t , ` , V . .  . . . . .j 0 0
1FjFm
q .Then for any t g J t , ¨ , w the following inequality is ¨alid:0 0 0
y1 qx t ; t , w F a max ¨ t ; t , ¨ , w . 18 .  .  .0 0 j 0 0 0
j
Introduce the following classes of functions:
 w m qx  .  .P s a g C R , R : a ¨ is monotone increasing, a 0 s 0, and
 . 4a ¨ ª ` as ¨ ª ` ;
 ww . m qx  .P* s a g C t , ` = R , R : a t, ¨ is monotone increasing with0
 .  . < < 4respect to ¨ , a t, 0 s 0, and a t, ¨ ª ` as ¨ ª ` .
 .DEFINITION 8. The trivial solution of the problem 17 is said to be:
1. Practically ¨-stable with respect to l, A if
; t g R ;¨ g G: 0 F ¨ F le .  .0 0 0
;w g C 'c g P* 'a g K .  .  .0 0
; t g Jq t , ¨ , w : . .0 0 0
¨q t ; t , ¨ , w F c t , ¨ e, c t , le - a A . .  .  .  .0 0 0 0 0 0
2. Uniformly practically ¨-stable with respect to l, A if
;¨ g G: 0 F ¨ F le ;w g C .  .0 0 0 0
'c g P 'a g K ; t g R .  .  .0
; t g Jq t , ¨ , w : . .0 0 0
¨q t ; t , ¨ , w F c ¨ e, c le - a A . .  .  .  .0 0 0 0
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3. Contracti¨ ely practically ¨-stable with respect to l, A, B if
; t g R ;¨ g G: 0 F ¨ F le ;w g C .  .  .0 0 0 0 0
'c g P* 'a g K 'c : t , ` ª Rq .  .  . .0
; t g Jq t , ¨ , w : . .0 0 0
¨q t ; t , ¨ , w F c t , ¨ c t e, .  .  .0 0 0 0 0
c t , le c t - a A , c t , le c t q t - a B .  .  .  .  .  .0 0 0
for some t ) 0.
4. Contracti¨ ely uniformly practically ¨-stable with respect to l, A, B if
;¨ g G: 0 F ¨ F le ;w g C .  .0 0 0 0
'c g P 'a g K 'c : t , ` ª Rq .  .  . .0
; t g R ; t g Jq t , ¨ , w : .  . .0 0 0 0
¨q t ; t , ¨ , w F c ¨ c t e, .  .  .0 0 0 0
c le c t - a A , c le c t q t - a B .  .  .  .  .  .0
for t ) 0.
THEOREM 2. Let the following conditions hold:
1. Conditions H1]H11 are ¨alid.
2. The conditions of Corollary 2 are satisfied.
3. There exists a function b g K* such that
< <V t , x F b t , x e, x g V . .  .0 0
 . w .4. F t, 0, 0 s 0 for t g t , ` .0
 .5. J 0 s 0, k s 1, 2, . . . .k
q . w .6. J t , ¨ , w s t , ` .0 0 0 0
Then the following assertions hold:
 .1. If the tri¨ ial solution of 17 is practically ¨-stable, then the tri¨ ial
 .  .  .solution of 1 , 2 , 3 is practically stable.
 .2. If the tri¨ ial solution of 17 is uniformly practically ¨-stable, then the
 .  .  .tri¨ ial solution of 1 , 2 , 3 is uniformly practically stable.
 .3. If the tri¨ ial solution of 17 is contracti¨ ely practically ¨-stable, then
 .  .  .the tri¨ ial solution of 1 , 2 , 3 is contracti¨ ely practically stable.
BAINOV AND STAMOVA288
 .4. If the tri¨ ial solution of 17 is contracti¨ ely uniformly practically
 .  .  .¨-stable, then the tri¨ ial solution of 1 , 2 , 3 is contracti¨ ely uniformly
practically stable.
The proof of Theorem 2 is analogous to the proof of Theorem 1;
 .however, Definition 8 is used instead of Definition 6, and inequality 18 of
 .Corollary 2 is applied instead of Inequality 14 of Corollary 1.
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